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Abstract. Using the Newton-Kantorovich method we approximate implicit functions by solving 
linear algebraic systems of finite order. We also provide error estimates. In particular, these 
error estimates generalize the ones in [5] and [S]. 
1. INTRODUCTION 
Let E, A be Banach spaces and let T(z, X) be a nonlinear operator with values in E defined 
for all 3: E E, X E A with z E c(zc, R) = {z E E/ljz - zol/ 5 Ii!} and X E 0(X,, 5’). 
Consider the equation 
T(z, X) = 0. (1) 
We seek solutions z’(X) of equation (1) which are close to tc for values of X close to Xc. In 
order to solve approximately this problem of constructing an implicit function the method 
of successive approximations has been used, as well as the basic and modified Newton- 
Kantorovich methods under various assumptions [1,3,4,6]. We will use the same symbol for 
norm in both spaces. 
We will define successive approximations z,+i(X) to z*(X) from the equation 
z,+l(x) = +(A> - (PT’(t,, X>>-lT(~n, A>, n 2 0, (2) 
where P is a projection operator (P2 = P) on E. The case P = I, the identity operator on E 
has been studied extensively [1,3,4,6]. However, the iterates I~(/\) can rarely be computed 
in infinite dimensional spaces in this case, since it may be difficult or even impossible to 
compute the inverses of T’(zn,A), n 2 0. The case P # I has also been studied under 
several assumptions [3,4]. 
Using ZabrejkeNguen type assumptions [8] we approximate a solution z’(X) of equa- 
tion (1) under conditions which reduce to the ones in [8] for P = I. But even then our 
results are more general since X is fixed in [5] (if G = 0 in [7] and [8]). 
In particular, we assume that 2’ is FrCchet differentiable for all t E ~(zo, R) and X E 
u(Xc, 5’). Moreover, we aSsume that the linear operator PT(+o, XC,) is invertible and 
II(PT’(+a, Xo))“(PqT A) - pT’(Y, X))ll L Kl(T, 4llf - Yll, 
II(PT’(~O, w)-v~‘(~o, A) - PT’(+o, Ao))ll I K2(3)llX - Xoll, 
II(PT’(~O, ~oN-‘w(~, A> - Q%A X)ll 5 K3(t‘, s>lb - YII, & = I- p, 
for all I, y E u(zc,~) C U( q, R) and X E 0(X0, s), where Ki, K2, and Ks are nondecreasing 
functions on [0, R] x [0, s], [0, SJ, and [0, R] x [0, S], respectively. By zc we mean zc(X). That 
is, tc depends on the X used in (2). 
We will provide sufficient conditions for the convergence of (2) to a solution z*(X) of 
equation (1) as well as various error estimates on the distances ]]z,,+i(X) - zn(X)]] and 
IIrn(X) - ~*(~)]I, n L 0. 
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We need to define the functions 
os = K(s)]](PP(zo, X0))-‘T(z0, X)1], (s = 0 if x = X,), 
J 
r 
W$ = K1(t,s)& K4(s) = 
0 I 
'Kz(t)dt, K(s) = (l- K4(s))-1 
0 
provided that K4(S) < 1, 
r 
‘pa(r) = a + K(s) 
/ 
w,(t)& - P, 
P%(T) = lrKJr,s;dt and x8(r) = ps(r) + lls(r). 
CONVERGENCE RESULTS 
The following theorem can now be proved as Theorem 1 in [S, p. 6731. 
THEOREM 1. Suppose that the function xS(r) has a unique zero p; = p* in the interval 
[0, R] and xS(R) 2 0. _Th en equation (1) admits a solution z’(X) in U(zo,p*), this solution 
i! unique in the ball U(ZO, R), and the approximations in (2) defined for all n, belong to 
U(ZO, p’), and satisfy the estimates 
IIX n+l(X) - +(X)11 L A(*)(a) = pn+l - pnr n 2 0 
and 
where 
kn(X) - x’(X)11 5 w(A(“)(a)) = p* - pn, n 1 0 
A(r) = u(r + v(r)), v(r) = u(-l)(r) on [0, a], U(r) = s, 
A(‘)(r) = r, A(“+‘)(r) = A(A(“)(r)), n 1 0, W(r) = 2 A(“)(r), 
n=O 
and the sequence p,, which is monotonically increasing and converges to p*, defined by 
Pn+l=Pn 
XS(Pfa) 
-cPs0’ 
n 2 0, p0 = 0. 
Similar results can be obtained for the modified Newton-Kantorovich method 
Yn+l(A) = Yn(X)- (PT'(xo,~))-'T(y,,X),n 2 6x0 =YO, 
(see, e.g., [S, p. 6741. 
We will now obtain some a posteriori error bounds for iteration (2). Let 
r,,s = r, = llh(X) - x011, h,,(r) = h,(r) = Kl(r, + r, s), 
h,,(r) = h(r) = Kc(r, + r, s) for r + [0, R - r,], 
and set 
ona = an = llzn+l(X) - zn(A>ll,bn,s = b, = K(s)(I - K(s)wJm))-‘. 
The notation r,,, = r, means that once X is fixed then we take s = ]]X - X0]] and denote 
rn,r by Tn. 
Without loss of generality we may assume that u, > 0. Then as in [7, p. 9891 we can 
show that the equation 
r = a,, + b,, J r[(p -t)&(t) + h(t)ldt 0
has a unique positive zero p;,, = pi in the interval [0, R - r,] and 
]]zn(X) - x’(X)]] 5 pA,n 2 0, with pi = p*. 
The proof of the following theorem now follows as the proof of Theorem 2 in [7, p. 9841. 
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THEOREM 2. Under the assumptions of Theorem 1, we have 
where Apn = pn+l - p,,, n 1 0. 
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